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Introduction

 In this unit we will ultimately discuss how to get proper posteriors for measurements
made with machine learning, e.g. how to “assign error bars”.

« For this we need probabilistic machine learning. We need to know how to learn the
probability distribution of data.

e Thusin the present lecture we will discuss some main methods for machine learning
probability distributions.

e There are non-parametric and parametric methods to learn PDFs.
e A non-parametric model smoothes the observed data in some way.

« A parametric model fits a function that has some free parameters to the data, i.e.
it makes stronger assumptions about the true PDF.

For parametric methods, we will discuss those that give us normalized PDFs. This is
not the case for e.g. diffusion models, which we will cover later.



Learning the parameters
of a PDF




Non-parametric methods to learn PDFs

e The simplest non-parametric method is just histogramming.
« However:
e Choice of binning can have a large effect

e Does not work in high dimension
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https://scikit-learn.org/stable/modules/density.html#



Kernel density estimators

« KDE work by smoothing the data with some Kernel, such as a Gaussian.

e In the following figure, 100 points are drawn from a bimodal distribution, and the
kernel density estimates are shown for three choices of kernels:
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Kernel density estimators

« Kernel Density Estimators (KDEs) belong to the class of non-parametric methods for
estimating probability density functions (PDFs).

e Unlike parametric methods (such as Gaussian distributions) that assume a specific
functional form of the PDF, KDEs make minimal assumptions. Instead, they estimate
the PDF directly from the data using kernels.

e However:

« Struggles in high dimensions due to the curse of dimensionality, where the data
becomes sparse and the estimator requires exponentially more samples.

« Limited to smoothing data points with a kernel function, which may not capture
intricate patterns.



Example: KDE from my research

« Population model in CHIME FRB catalogue https://arxiv.org/pdf/2106.04352

« Goal was to make synthetic data (blue) that is similar to the observed one (black)
but explores a somewhat larger domain.
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https://arxiv.org/pdf/2106.04352

Parametric methods to learn PDFs

« We now discuss parametric methods to learn PDFs.

 In this case, we specify some functional form that we believe the PDF to be in, up to a
number of free PFD parameters which we aim to learn.

« We have some data {x} and want to learn the parameters theta of the PDF that
describes the data (assuming it is i.i.d distributed):

p(z;|6)

« We can do this by having a training data set {x}. Once the PDF is learned, we can draw
new samples that were not in the training data.



Learning parametric models with maximum
likelihood

« ldea: Choose parameters that maximize the likelihood of observing the given data.

0* = arg max H p(z;|0)

1=1

e Or equivalently

0* = arg max Z log p(x;|0)

1=1
2
« Example for the Gaussian 2l o) — 1 B (z — p)
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Maximum Likelihood with gradient descent

Recall: Choose parameters that maximize the likelihood of observing the given data.

0* = arg max Z log p(z;|0)

1=1

« When the PDF or likelihood is complex, gradient-based methods like stochastic
gradient descent (SGD) are used to maximize the likelihood or log-likelihood.

e We'll use this for more complex PDFs using “Normalizing flows” below.

« Gradient descent is used to fit the parameters of the PDF to make the training data
maximally likely under the PDF.



How to learn a conditional PDF

e Itis easy to generalize maximum likelihood to the case of a conditional PDF:

Objective: Find parameters 6 that maximize the conditional likelihood P(Y | X, 6)

Optimization Problem:

argmgxizz; og P(y;|x;, 0)
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Other methods to learn PDFs

« Method of Moments: Match the theoretical moments of the distribution (mean,
variance, skewness, etc.) to the empirical moments from the data.

1 < 1 <
E[X] = sz E[X?] = ﬁzxf,...
i=1 1=1

« When the MLE involves complex optimization or derivatives that are difficult to
compute, the MoM can provide a quick and straightforward alternative.

« Expectation-Maximization (EM) Algorithm: Used when data is incomplete or has
latent variables. The algorithm iteratively estimates latent variables (E-step) and
updates parameters (M-step) until convergence.

« Example: Mixture models such as Gaussian Mixture Models (GMMs).
e See next section

« Bayesian Inference: Treat the parameters themselves as random variables and
update their distributions based on observed data.



Gaussian Mixture
Models (GMM)




Gaussian Mixture Model (GMM)

Generative model often used in the context of clustering.

Points are drawn from one of the K Gaussians, with its own p;, & 2,

1
N(X|p, X) ~ exp [_5(" — )X (x— M)T}

m, = Probability a pt is drawn from mixture k, the probability of
generating a point X in a GMM is:

K

PRI {pie, Do mi}) = D N pye, D).

k=1

Given a dataset X = {X{, ...Xy}, the likelihood of the dataset:

N
p(X|{”'k’ Ek’ 7Tk}) — 1 _p(xil{”'ka Eka nk})

i=1

Denote the set of parameters {y,, 2, .} by 6.
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Gaussian Mixture Model (GMM)

Common cost function is Maximum likelihood estimation (MLE).

Latent variables are chosen to maximize the likelinood of the
observed data under our generative model — Expectation-
Maximization (EM) equations.

Latent variable Z = (z;, ..., Zg) for point X has the property that
zx = 1 if X is drawn from the k-th Gaussian, and 7, = 0.

Probability of observing a datapoint X given Zz:

K

p(x|z; (e, o)) = [ [V Rlprr D)

k=1

Probability of observing a given value of latent variable:

z|{7TI< 1_[7'[21<



Gaussian Mixture Model (GMM)

e Joint probability of a clustering assignment Z and a datapoint X:

p(x,z;0) = p(x|z; {p), 2'k})p(Z|{mmi}).

» Conditional probability of the data point in the k-th cluster, y(z,),

given model parameters @ is
7T<N(X| <9 2()
y(zk) = p(zk = 1|x; 0) = KI al : :
> imq TN (X, Xj)

known as the “responsibility” that mixture k takes for explaining X.



Training GMM with the EM algorithm

e Recall:
A GMM models the probability of each data point z; as:

p(z; | 0) = Zm (2 | pery L)

« K is the number of Gaussian components.
* . are the mixing coefficients (weights), with Zfl T = 1.

. N(:z:,- | Jk, Xy ) is the Gaussian distribution with mean g, and covariance X.

« The Expectation-Maximization algorithm performs the following steps iteratively:

1. Initialization

* Randomly initialize:
« Component means py,
» Covariance matrices X

* Mixing coefficients .



2. E-Step (Expectation Step)

In this step, we calculate the responsibilities — the probability that each data point belongs to each
Gaussian component:
TrkN(xi ( Hk Ek)
Yik = <%

Zj—l mi N (i | 1, Z5)

Where:

* ;IS the responsibility of the kth component for the ith data point.

3. M-Step (Maximization Step)

In this step, we update the parameters u., 2, and 7 to maximize the expected log-likelihood:

1. Update Means

N
1
k= x7_ YikTi

2. Update Covariances
1 N
Yk = A Z'Yik(x-i — i) (i — i)’
" i=1

3. Update Mixing Coefficients

N

k
T — W, where Nk — E Yik
i=1

The EM algorithm is used because directly maximizing the likelihood of a GMM is difficult due to
latent variables (cluster assignments). EM provides an iterative approach that alternates
between estimating latent variables (E-step) and optimizing parameters (M-step).



Normalizing Flows

Introduction



Normalizing flows

* Normalizing flow: Series of learned transformations that deform a
simple base distribution into a complicated target distribution.

Learned transformations Ti
e.g. parametrized by a neural network

Po(zo) P1(z)) Pr(zg)
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» Difference with most other ML methods: We learn a probability
distribution, rather than an arbitrary input->output mapping.

* Review: https://arxiv.org/abs/1912.02762. Widely used in physics
e.g. in QFT, likelihood-free inference and cosmology



Normalizing flows are generative models

* Like GANs and diffusion models,  Real-NVP flow
normalizing flows are generative |
models.

* They can be used to generate
iImages too. However they are
not currently as good at that as
these other models.

e But they can do something
other models cannot: give a
normalized probability density
for the sample. The are real

PDFs.




Normalizing flows

=

 Chain many “simple” transformations together to make a complicated

distribution:
I'=Tkgo---011 z, = Ti(2zx—1)

* Transformation T (the “flow”)

x = T'(u)

Change of variables of PDF

pz(X) = pu(u) |det JT(U)‘_l

* After training two basic operations can be performed.:
 Exact density evaluation (backward mode)
Sample x » p(x)

« Sampling from the distribution (forward mode)

Base distribution sample u » Target sample x
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Figure 1: Example of a 4-step flow transforming samples from a standard-normal base
density to a cross-shaped target density.
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Designing normalizing
flows



DcS‘(jm'M7 e[[:'cfewf ‘[[au/ﬁ

e We 57[4</< WMM/ S/;n/ﬂlf bﬂ/Z/lh;, éZﬂCA\S g

T - T—IZ o0 © -,-I
2k :TK (€x-1)

I<
ZO? {ZT(EJI: E La; /]7« (3/<‘/))
Kzl

mot ¢ f/((f?l/l — 0(/<) 7f¢W7L/] (¢ C(§7L N

o WMote r wmaking T i verfible i theoty qud actu c(l//
(.M V&Vf/hg. 77L arc (/("/'/V 5//7[\,)(\9/‘(’”7‘ {’(76{()"?“4(’/11(5
—) wan T easz“ly ‘yver FbLr {aac;‘(a'm



Dc?(jdfﬂ? é-,[,[l'C(?M‘,' .[[ou/j

« [Me waut o tiractably }acaém}ﬁ V/z‘/(rm}nsz

Tor q;cwm[ wmap () puts - ) oatputs

Cﬂdéﬂ[””l’h} '7(€7[ has <cost O (D’
I‘Mw[racllﬁ b/e 7[&/* Lf"ff D | ( /r 177[7(€M

Mos flows ate Us 7[arm /w\ whicl
J k (
det ) is OCD).

¢ We ne w a/('swfss [Dhllﬂ{/.h; [aLdeS 7_/< 7%4% hav ¢

this ,Feaf«?‘f’. N
£ = 7[(2)



¥Péamk f[awg

gL(mtm‘u//k ¢ uosa _lihea r/’/?

(/ (68, 065770
f(i) = 2 +B?L,()T;‘ +k)
/
/\V(cfdl‘f 0ﬁkhﬂ

« (4N (qlcaquc ffcf} 0 020) Fim e

. S{ﬂCk Mq/z/ a[ 7"4(;( '/'f-aa;[a/‘q/u;?(//ltf

] BM (laf(h7 béﬁc/v ‘

s K=10 Mot sqtabl ¢

1(: oV qu‘? ¢
A meansoas

o Example
2 :2dim,

Unit Gaussian

-‘-- " sinct Traas o 1~maal10ss

qre feo local ( (. e.
- .-\g - G{[TF(C* g s'mq/[oalﬂme/

Uniform




ﬂa{d ¢ {Z féss {’(/e f[aﬂ/g

o Aufores eSS (Y e fraﬁervy:

—_
2= (2,,%.%. .32

V[{f/o;élf &/' p{(/fﬁa'/s o/ 2/:,. 0ﬂé/y

[

2= T (2, h)
AN

l L, mast be nyertible

/. @, Wwfw?/dnfc tn 2,

,,1‘//0(/1;{;0/’/443/’

h, = ¢ (z,;)

1

Cconditioner” madolafes The

tra n;farﬂmr

¢ This Leads fo a ff/'ahjalar /%ab/éwg

/
Z1

/
)

Z1

V)

.o ZD

JT (z) = x’Y =) dfc%/ = 7‘.7'}""

- J

@(4)




ALl 1n< Auts reg ressive [lows

. P“”%f(q[ﬂ"éf 9/;44/716’ L‘Ma’wr +fqn§/0rM[k

‘C(a;) = X 2, tf; 94;1” aund ccal e 2z
cnvertfible {d,\ oL £9 Iy “1[7[!'@( Frans{or
or: i watipy 7
LxXp ¢, +(;

¢ The Ca//ld{(,//'fmer hc"re (‘9:
Alﬁ a/e/owm/ z 2205 {7/ Some ncacql

’Vlélé a/wrk Fﬂ(“ﬂmf%/‘/s.diz/d'w

A!//oﬁf /ﬂ/ e .¥- %’L?D
14 i} '/V%.,_,ﬁ ir Cwv

S, the conditivner has +he mew//ﬂaramezéﬁg )




D/[fef-cmf d«'/ﬂr(‘yf%f (e {Llows
. A75N.M/ a“l/dff7 /‘<°Sf/'ﬂf 7[\[/”5 g @
Zi: Z(Z;/h/)
A

l .
Arans[ormer " mmust be /ﬂye?‘%/ﬁl-f.
| e, Wronotonrc il 2;

h, = ¢ (2,
.

\,((Mz/f/(&nek”' madelates The
trans[ormer "
A /qu/ ﬂ//[/el‘c’hf ”Lfﬂﬂ;][&/‘@rf/"S aacd conditionrees

hay( b("€#} Pf@féfé’&/. FOIOJ{Z&?/‘f
~ %askf’o/ aa /df'fﬁf'<°5§/'Vz” 7[/04/9 (/%//lltj

— lnverse qq/arréffssl/( 7[[0%/5 (/47:/
Tht’;/ have a///,ferfwf cos o nol f*/ﬁff’sf;y/ZV,

£ a br'/ec//a'@ |



lllustration of the MAF flow

(u)
f—l
(let.( T )|

zo = u ~ 7(u) zp = X ~ p(X)

X=fro..ofi(u)=f
0
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Figure 2. Diagram of how normalizing flows work, with the specific example of Masked Autoregressive
Flows. The samples from the vector zo = u, sampled from the simple distribution 7(u), are deformed
through the sequence of transformations f = fr o---o f; into those of zyr = x, which follow a more
complex distribution p(x). In the lower panel, we illustrate the conditioner that “masks out” the
connections between z; and h_;, as well as the affine functions applied to the vector components.
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Aside: Normalizing flows to model
the matter distribution in cosmology

(Research example from my group)



NFs vs structure formation

Gaussian initial conditions PDF morphs into complicated late-time
matter distribution.

Po&zo) plﬁzl) Px(zx)
\ T(zy) / T5(z) Ti(zg_1)
— — -
= — , —
20 4| k=X

Gaussian primordial matter perturbations Non-gaussian matter/galaxy distribution today

Rouhiainen, MM: arXiv:2105.12024 Normalizing flows for random fields in cosmology



https://arxiv.org/abs/2105.12024

Flowing from a correlated Gaussian to todays matter distribution

Prior samples

Flow:
RealNVP

Density peaks
Model samples match, as in
physical structure
The flow learned formation.
to deform a
Gaussian PDF into
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Gaussian PDF
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De-noising with a Generative Prior

In data analysis in cosmology we often make use of Gaussian priors (Wiener
Filter). This is no longer justified for very high resolution observations. Using
the trained normalizing flow we can include non-Gaussian priors:

1
Inp(y|d) = —50 - d)'N "y — d)—Inpg.,(»)
/V

True matter field  Nojsy observation

We use a flow trained on simulations of the matter distribution. Then we use
this knowledge of the matter PDF to de-noise an observation of the matter
field by maximizing the posterior.




De-noising the observed matter field

rtrue, flow

rtrue, Wiener filtered

10-1 100
k [h/Mpc]

Observed (noisy, masked) Wiener filtered

As expected, the NF lowers the
reconstruction noise on non-linear
scales compared to the Wiener
filter.
Generative de-noising is useful in
many other domains.
Rouhiainen, MM: arXiv:2211.15161 De-
noising non-Gaussian fields in cosmology

with normalizing flows
Truth Flow MAP



https://arxiv.org/abs/2211.15161

Course logistics

e Reading for this lecture:

e |did not use a specific primary reference for this lecture. However some of the

main textbooks on the website cover these topics.



